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Abstract:The present paper is devoted to the investigation of lossless transmission lines with varying in time
and space specific parameters terminated by conductive loads with exponential nonlinearity. Such systems are
more complicated because the coefficients of the hyperbolic system describing the line depend on time and
space. We introduce new conditions which guarantee distortionless propagation along the transmission line and
present a general method for reducing the mixed problem for the hyperbolic system to an initial value problem
for a neutral system on the boundary. Here we extend our previous methods to investigate the case of variable
specific parameters and formulate sufficient conditions for the existence-unigueness of a solution by fixed point
method.

Date of Submission: 02-10-2018 Date of acceptance: 19-10-2018

. Introduction

Hereweconsider non-uniform lossless transmission lines terminated by nonlinear conductive element
with exponential type characteristic. Such a configuration has been studied in previous papers, but in the case of
uniform transmission lines*™®. The main difficulty is caused by the varying in space and time specific
parameters. That is why, the primary purpose of the present paper is to extend the author’s method™ for analysis
oftransmission lines to transmission lines with varying per-unit-length specific parameters, that is,
C=C(x,t), L=L(x,t).Let us note that the particular case C =C(x,t), L=constis applied to parametric
amplification of traveling waves'*’. We obtain this case as a consequence of our theory.

Referring to Figure no 1, a non-uniform transmission line is shown terminated by a nonlinear

conductive load with characteristic of exponentialtypei= f(u)= Isat(e““ —1)and parallel  connected
shuntcapacitance C, , where E(t) is the source function, R, —the source resistance, and A — the length of the line.
The positiveconstants I, « are explained inthe numerical example.

—i(x.l)

¢ u(x,t) i=f () C,

T |

Figure. 1 Non-uniform lossless transmission line terminated by nonlinear conductive element

We consider a non-uniform lossless transmission line described by the system
gyt e ux]  au(xt)  AL(xi(x,n]

x ot ’ x ot
Extending results***'we introduce conditions

(LC):C(x,t) =Co(l+yc(x.1), [e(x, 1) L0<y <1; L(X,t) = Lo+ 1(x,1)), [I(x,t)| <L0O< y <1.

Then obviously 0<Cy(1-y) <C(x,t) <Cy(l+y); O0<Lgl-y) <L(x,t)<Ly(1+y) . Besides we assume that
IC(x,1)| <Cip. [Cx(%,t)|<Cyo, LX) <Ly, |Ly(Xt)| <Ly , whereC,=06C/ot; Ly =oL/ot. Then the
system (1) becomes

€]
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6u(x,t)+ 1 8i(x,t)+Ct(x,t)u(X’t):0’ ai(x,t)Jr 1 au(x’t)+|"(x’t)i(x,t):0. @)
ot C(x,t) ox C(x,t) ot L(x,t) ox L(x,t)

We formulate a mixed problem for system (2): to find unknown voltage u(x,t)and current i(x,t) satisfying (2)
for (x,t)ell= {(x,t)e R?:(xt)elo, A]x[O,T])}, with boundary conditions (derived from Figure no 1 on the
base of Kirchhoff’s law)
E(t)-u(0,t)=R,i(0,t), t=>0; ¢,
and initial conditions

u(x,0) = Uy (x),i(x,0) =iy (x) xe[0,A],
where Ug(X),ip(X) are prescribed functions.

dU(A,t) _ |(A,t) _ Isat(eau(A,t) _1) t>0

Il. Methods
In this paper at first we use the method of reducing the mixed problem for a hyperbolic system to an
initial value problem for neutral system on the boundary. The problem of existing of thesolution of the obtained
neutral system we present as a fixed point problem for a suitable operator. By the fixed point method we
establish existence-uniqueness of a solution.

I11. Results
3.1. Transformation of the hyperbolic system in a diagonal form. Conditions for distortionless
propagation.
The system (2)can be rewritten in matrix form

ou ouU —
—+A—+AU =0, 3
ot " OX A ®)
0 1 C;(x,1) .

u(xt _
where U = _( ) , A= C(x.1) VA= C(x1) ,0= .

i(x,t) 1 0 0 L(x,t) 0

L(x,t) L(x,t)
. . . -1 1/C(x,t)

To transform A in a diagonal form we solve the equation: L) 1 =0 whose roots are

A1) =1L DC(x D), A5 (x,1) =-1/[L(xDC(x,0) . Eigen-vectors are (£, 20)= (/o0 yL(x D)),
(1(2), 2(2)):(—,/C(x,t),,/L(x,t)). Denote by A the matrix formed by eigen-vectors:
) JLxy 1lJCD) -ulyer]],
o) JLxy Up/Lx)  1lyixD)
HAHl{l/,/L(x,t)C(x,t) 0 ]EAdiaG,
)

0 =1/ JL(x,)C(x,t

H(x,t)zl ] Its inverse one is H‘l(x,t){

. {V(x,t)
Introduce a new variable Z =
1(x,t)
(%, 1) = JC(X,t) u(x,t) +/L(x,1) i(x,1)
I(X,1) =—y/C(X,t) u(x,t) +/L(x,t) i(x,1)
Substituting U = H*Z in (3) we obtain

a(HatlZ)+ 6(Haxlz)+A1(H _12):0.
It follows

] where Z=HUand U = H™'Z Uor

u(x,t) =V (x,1t) - 1(x,t)]/ 2,/C(x,t)
it =V 1)+ 1G] 2L(x.1).

A

102 a +A
at x | ot ox

After multiplication from the left by H we obtain

-1 -1
’ oy {6H oH

+A1H1JZ:O.
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oH™ oH™

oz oz T HA
OX

—+ Adiag—+(H

-1 _
= — +HAH ]z =0. @)

In view of the denotation v=1/+LC we have
H(xt 1f-C/cdC  cuede | aHiy 1| -C./CdC ¢ reie
at 4 - /WL - /WL ox 4 - /L - /L

and therefore
H™ _1[-L/L-CJC —LJ/L+CJC) o™ v[-(C/O-(L /L) (€ /0)~(L /L)
ot 4|-L/L+C/C —LI/L-CJC| o 4| (C,IC)+(L /L) ~—(C,/C)+(L,/L)|
(CIC)+(L /L)  —(C/C)+(L /L)
~(C/C)+(L/L)  (C/C)+(L /L) |

401
HAH :E{
Then
Ha|-|1+HAa|-|1+HA1H_1:1{(L(/L)+(Ct/C)—(va/L)—(vi/C) (L(/L)—(Ct/C)—(vLX/L)+(vCX/C)}.

ot X 4| (L /L) = (C,IC)+(vL, L)+ (vC,/C) (L /L)+(C,/C)+(vL,/L)-(vC,IC)
We rewrite (4) in explicit form:
aV(X’t)+ ! aV(X’t)+1(5+&—E—&)\/(x,t)+l(i—&—ﬁ+&)(x,t):0
a Jic ox 4L c L ¢C 4L C L C
ay 1 al(X’t)+3(5—&+hJr&)\/(x,t)ﬁti(£+&+&—&jl(x,t):0.
o  Jic ax 4L c L cC 4L C L ¢C
To simplify (5) we introduce conditions and call them DistortionlessConditions(DC):

®)

(DC1) (L, /L) +(C, /C) - (WL, /L) — (vC, /C) =0; (DC2)
(L, /L)—(C,/C)—(vL /L) + (vC, /C) =0:
(DC3) (L, /L) - (C, /C) +(vL, /L) + (vC, /C) =0: (DC4)

(L /L) +(C,/C)+(vL, /L) —(vC, /C)=0.

Then (5) becomes

oV (x,1) +V6V(x,t) _o, ol (x,t) _Val (x,1) _
ot OX ot OX

The transformation formulas are

(x,t):,/C(x,t)u(x,t)+x/ti(x,t) and u(x,t) =V (x,t)/2,/C(x,t) — 1 (x,t)/2,/C(x,t)
1(x,t)=—/C(X,1) u(x,t)+\/fi(x,t) i(X,t) =V (x,t)/2/L(x,t) + 1 (x,t)/2/L(x,t).

3.2. Formulation of the mixed problem and solutions of equations for the characteristics of the hyperbolic
system
Now we are able to formulate the mixed problem with respect to the new variables. To find a solution of the
system
oV (x,t) 1 oV(xt) ol (x,t) 1 al(xt)
+ =0, = =0
ot JLC  oX ot JLC  OX (6)

satisfying the initial conditions

(x,0) =/C(x,0) u(x,0) + /L (x,0) i(x,0) = {/C(X,0) ug (X) +/L(X,0) i (X) =V, (X)
1(x,0)=—/C(x,0) u(x,0) +4/L(%,0) i(x,0) = —/C(%,0) Ug (X) + /L(X,0) i (X) = 15 (X)

and boundary conditions

E(t)—[(V (0,1) = 1(0,))/2/C(0,1)]= RV (0,t) + 1 (0,1)]/(2v/L)

0.

V(AL 1(A})
df vy 1Ay | van iy a[z o elet 1) t20
Yt 2Jc(at) 2/c(at) ) 2Lt 2)L(ar o
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Prior to reduce the above mixed problem to an initial value problem on the boundary*?weconsiderthe Cauchy
problems for the characteristics of the hyperbolic system (8), namely
dx, () 1 Jax(r) 1

= Xy () =x; = X () =x for (x,t)eIl.

dr  JLx @.0C0k (@.0) dz JLx (@).0Cx (D).
()
Here the characteristic functions A, (&,7)= L A& T)=- 1 <0 are

0
0 (0C@) JLw ). 0C @)

continuous ones. We need the following
Lemma L1.IfL(x,t), C(x,t)are continuous functionsthenfor every (x,t)eintITeveryinitial value

problemfrom(7) has a unique smooth solution in IT .
Proof: Let us consider the set My = {x(.) eC[0,T]:|x(z) - X < Xoe”’}, endowed with a metric
p(x,%) = max| e #*|x(r) - X(z)|: € [0,T1},
where C[0,T]is the space of all continuous functions and X, >0, >0 are constants.
. f 1
Define the operator by the formula B(x)(z):= x+ ds
! JLX(),9)C(x(5),5)

We show that B(x) maps M y ino itself. Indeed, for sufficiently large x>0 we have

T

_[ 1 J‘ 1 it
} JL(x(s), 9)C(x(s), SRl 7’)\/L0C0t LG, #

To show that B is contractive operator we get

1 1 |
—— = ds

|\/L(X(5) S)IC(x(s),8)  JL(X(s),5)C(X(S), S)|

< Xgeh'.

[BO)(2)—x| <

BOO(E)-BR)() < |

<= .[ L(X(s),s) — L(X(s),9)||C(X(s),5)| +|L(X(s),5)||C(X(S).5) —C(X(S), s)|)ds
2(1- 7’) V Lo C0

(1+7/)( xoCo+|—oCxo “x(s) x(s)|ds<(1+7/)( x0C0+|—oCxo)e et

P(XX)
20-1*LC,? 20-% e A
(1+ 7)( xOCO + LOCXO) e,ur P( —) < (l+7)( XOCO + LOCXO) p(X X)
20-% e, 20-pPLc  H

which implies p(B(x),B(%))< &7 (ExCo * LeCaa) 1
21-)3L°C,® A

Consequently B is contractive operator for sufficiently large . >0. The fixed point of B is a unique solution of
the above Cauchy problem.For the second equation we proceed in a similar way defining the operator
1

ds
,S)C(X(s),5)

P(X.X).

A e

Lemma 1 is thus proved.
Further on the solution of the first equation we denote by x, (S) , while of the second one — by X, (s) .

3.3. Reducing the mixed problem to an initial value problem on the boundary

Denote the delays by T;(t) = Ay/L(x, (), t)C(x, (£),), T,(t) = Ay/L(x, (£),t)C(x (t),1).

For their derivatives we obtain and assume

L (% (0, 9% Clx (1,8 + Li (%, (),HC(x (1), 1) + L{xy (), HC, (X (1), D% + L% (1), 1)C, (% (1),0)
2,/L(x (1),5C(x (©),1)

Tl(t) =A

T, ) = AL Ly (g (8),6)% C(x; (£),8) + Ly (x, (0, HC(x; (1)) + L (0, HC, (%, (0.H%; + L, (0,9C (% ().1)

2\/L(x, (©,5C(x, (t).1)
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Then integrating the equations (6) along the characteristics from the point (0,t—T;(t)) on the left boundary to
the point (A,t) on the right boundary we obtain

t t
ov dx, oV dv (% (s),s)
—— 4+ —|ds= | ———~ds=V(A,t)-V(0,t -Ty(t))=0.

J‘ (dx ds+6sjS J- ds s=V(AD VI 1(0)
t=Ty (1) =Ty (1)

In a similar way integrating from (0,t) to (A,t—T,(t)) we obtain

t t
ol dx, al dl(x,(s),s)
S0 T as= | /2202 g 10, 1) — 1 (At =T, (1)) =0.

-[ (dx ds asj ° J. ds s=00- 1 2(1)
t-To (1) t=To(t)

It follows
V(A1) =V(0,t-Ty(t)), 1(0,t)=1(At=T,(t)). 8)
Then using the denotation Z,(x,t) =/L(x,t)/C(x,t) we obtain

2E(t){/L(0,))C(0,t)  /L(0,t) — Ry4/C(O,1)
V(O,t)= +

JL(O,t) + Ryy/C(0,t)  /L(0,1) + Ryy/C(O,1)
dI(A,1)  dV(AY)

dt dt

1(0,1) ;

V(AD)-1(AD)

(C(At) }/( (Ct(A,t)_ : ]'(A,t)+—2 CA T eo{ Aemy J—1,tzo.
2C(At) ClZO(A t) 2C(AD) CiZo(A ) C,

Assume that the unknown functions are V (0,t) =V (t) and 1(A,t) = 1(t) . Then in view of (8) we have
2E(t)ZO(O,t)+ZO(O t)-R, (=T, (1)) :
Zo(0)+Ry  Zo(0,t)+Ry 2
di(t) _dv(t- Tl(t)) Ci (A1) 1 B Ci(A) 1
dt A-Ta)- EZC(A,I) " Clzo(A,t))V(t Tl(t))+[2C(A,t) ClZO(A,t)JI(t)

V(t=To(t)-1(t)
+2 C(AL) Iy ea 2JC(A )

G

V(t) =

The system obtained consists of differential and functional equations with time dependent delays and it is a
particular case of neutral type ones™. In order to define the correct initial value problem we have to prescribe the
initial interval and an initial function with its derivative.

3.4. Existence-uniqueness of a continuous solution
Lemma 2. The following inequalities are valid:

Trmin = ALoCo (1) < Ty(t) = ALy (©),)C Xy (8),1) < ALCo(L+7) = Trmax
Trmin = ALCo(L—=7) < T, (1) = A{L(X; (1), )C(X; (1),1) SALCo(L+7) = Trna -

The proof is straightforward.
Here we prove an existence-uniqueness theorem for continuous solution of the following system:

2EQVLOY | Zo(0.0-R
V()= Z.0.0+R,  Zo(O0 1R, I(t-To(t) =R (V. )({1) ,te[0T],

di)  dVE-T,) . - CAD |
i ar M) (20(/\ 0 CZo(A, t))v( ~h)+

©)

cin . s lean 1 [ Moo
J " J'(t)+ MY L) o™ 2000 g2k v, 1)), teloT],

2C(AY)  CZo(AN) C,

V() =Vo(t) . 1(t) = 1o (1), te[-Tpax0]
where T, = min{T;; T, T, = min{t—T,(t) :t € [0,T1}, T, = minft =T, (t) :t [0, TT} and Vo (), 1(-) €ClTrnins0
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Let us note that the initial functionsV,(t), 1,(t) can be obtained translating the initial functions ug(X),iy(X)

along the characteristics of thehyperbolic system™.
Introduce the sets

My = V() € ClTmins T1: V(&) =Vo ().t €[Tpin0] and |V (1)] <VoeH, t < [0,T1}
M, = {1() € ClTmin T1: (1) = Io(t),t e[Tin0l and |1 (1) < 1e*, t[0,T]}
where T,Vg, Iy, 1 are positive constants, with metrics
p(V. V) = maxle ™ () -V (0] :t [0, T1}, (1, T) = maxle |1 () - T(t)|: t < [O.T]].
The set M, xM, turns out into a complete metric space™" with respect to the metric
plv. ).V, 1)) =max{p(v V), p(1,1)}.
Amap B:(X,A) —(X,A) iscalled contractive if o(B(V,1),B(V,1))<x p(V,1),(V,1)),0<x<1.
We assume (IN): E(0) =0; V,(-T;(0))=0; V,(0)=0; 15(-T,(0))=0; 1,(0)=0.
Using (9) we define an operator B = (Bv(\/, 1),B,(V, I)): My xM,; =M, xM, by the formulas
2E(t)4/L(0,t Z,(0,t)-R
B, (v, (D)= zo((éﬁ * Z(;((O,t))+R(:) Ht=T(1). e[0T
Vo(t), telThinll

t
B [ C(As) 1 B
V(t-Ty(t)) -([(ZC(A,S)JrClZO(A,S)}/(S T,(s))ds +
- V (s=T1(s))-1(s)
oD +j Gas) 1 I(s)ds+j—2 COAS) e | 2 ctn “1lds, te[oT],
2\ 2C(A5)  GiZo(A,S) . C, ’ v
lo(t), te[Tmin,0l

where V(s—T,(s)) =V (s), 1(t=T,(t)) = I,(t). Here V,(t), I,(t)are translated to the right functions from
ClTmin T1on[0,T].
Remark 1.We call the solution of (9)asolution of the operator equation (V,1)= (B\/ V. 1),B,(V, I)). In this way
we avoid the complicated conformity condition
di(0) dVv(-T,(0 : C.(A0 1

( ): ( l( ))(1—T1(0))— t( )+

dt dt 2C(A0) G Zy(A0)

V (-T1(0))-1(0)
2JC(A0) Iy ea 2JC(A0)

G,

J V(=T.(0))

{Ct(“*o)_ 1 1], t>0.

JI (0)+
2C(A0) G Zy(A,0)

Conditions (IN)ensure the continuity of B, (V,1)(t) and B, (V,1)(t):
_2E(0)yL(Ot)  Z,(0,)=Ry , 3 B
R (V,1)(0) = 7. 0.0+ R, + Z,0.0 4R, 1(=T2(0)) =Vo(0) , B, (V, 1)(0) = 15(0) .

The following lemma is valid:
Lemma 3.Problem (9) has a solution (V(.),1(.))e My x M, iff the operator B has a fixed point in My xM, ,

thatis,V =B, (V,I);1 =B, (V,I).

Theorem 1. Let the following conditions be fulfilled:

1) (IN) E(0) =0, Vo (-T1(0)) =0, V(0) =0, I5(-T>(0))=0, 15(0) =0, V(). 1o(.) & C[Tiyin. 0l
No(t)‘ <VgeH, ‘fo(t)‘ <1,e” tel0,T];

2) E(0)=0, [E@)|<Vee", te[0,T] (Vo =1o);;

3) Assumptions (CL) and (DC) are valid;

2 a@oe*!ﬂmin +1, ur
2\/C0 -7

5) Voy/Lo(L+7) /<\/L0/C0 Ja-7)1a+y) + R0)+ lge~#Tmin <V

<2:
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G)Voe,ﬂTmin+V0e_”Tmi”+lo Cio +i fC0(1+7) 4 4\Co(1+7) Isataem— <l
H 2C,(A-y) G\ L(A-») C1(4\/C0(1—7/)—a(\/oef“Tmi"+Io)e”T)

7) Ky = e Mminl([L7Co T+ A7) ~Ro | I LoTCo JA I 7) + R <1

8)K, =e #Tmin 1 = 1 ( Cio +i\/co(1+7) +\/1+7 ae’l gy ](e—#Tmin +1)<1_
2C,(1-y) G\ L@A-y) 1-y G

Then there exists a unique continuous solution of (9), belonging to My, xM; .

Proof: We show that B, : My, xM; - M, and B, : My, xM, -> M,.

Indeed, conditions (IN)that (B\, (1),B, (t))are continuous functions on [0, T].

We show that |By (V, 1)(t)] <Voe*,t [0, T]and|B, (V, 1)(t)| < 1,e*,t &[0, T]. Indeed,

_ Ld-») t o—4Tmin t Ld-»)
By (V, D(®)] <|1(t =T, ()] + 2/E(t)| L0(1+)/)/{ —C0(1+y)+Ro]sloe”e #imin 4 2\, e /{ —C0(1+}/)+ROJ

<e (Ioe‘/ﬂ'min +Vo/LoL+7) /[ %+RO]]S eV,
0

In the next estimates we use the following inequalityfor |u| <2

1‘<|u| || |U| || . <|u|1+|| || || <|ul 1 2|u|.
23 4 2 22 1 -(u[r2) 2-u

Then

t
B, (V. DO <|[F (V. 1)(s)ds
0

3 jdV(s—Tl(s))
B dt

0

d(s-Ty(s))

fCo 1 /C0(1+7 j(\/eﬂ(S—Tl(s))+|e#5))js
2C,(1-7) G\ L)

¢ Voe'u(s_Tl(s))Jrloe/E
+2 Col+y) |satJ‘ea 2/Col—)
C,

—1ids
0

0!(\/ e HTmin 4 | )eﬂT
1 Co(l+y) ~1Tmin t 5 2,Co(L+7) lgu Col-7) s
<MV(t- Tl(t))+[2C - )+C1 ,Lo(l—;/) J(\/Oe a +I0)Ie‘ ds+ . a(\/ peT )-Z‘”T J.e ds

0

2yCo(1- 7’)
< gtteTminy | & ' _1(\/0e’/‘Tmin g Cio +1\/Co(1+ 7, 2/Co(1+7) laat \/Co(l—
2C,1-7) G\ L@-p») C, 4\/(:0(1 ) - a(\loe HTmin 4 IO)EM
and therefore
, ~#Tmin 4JCo(1+7) Iy
|B,(\/,I)(t)|se“t VOe‘/‘Tm'"+V°e +1g Cuo +i Co(l+7) + o(+7) sftT _ _
2 2Cy(1-7) G\ L(-7) C1(4‘/C0(l—y) —a(\/oe Almin 4 Iok” )

< lge.

It remains to show that the operator B is contractive one. Indeed, for the first component in view of the estimate
from Lemma 2 we have

By (V. N(®) =By (V, 1)(®)] <|Z0(0,t) = Ro| /125 (0,t) + Ro||I (t =T (1) = [t =T, (1))
<|Z4(0,) = Ro|/1Zo (0,t) + Ro|1 =T, (©)) = Tt =T, (0))| |25 (0.) = Ro|/]Z (0,t) + Ro (1, e T2
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M a=4Tmin r [Lod+7) _ Lo@-7) Hta—4Tmin Lo@+7) Ld-7)
sefe el D) °/{ CZ(1+7)+R°]Se DAY )N Coll—7) R°/[\/co(1+y)+R°]'
It follows
), _’|_ < g HTmin ), _,|_ M ol/ M +R, =K ), _,|_ )
p(By (V. 1).B, (7, 1)< e Mminp((v, 1), (7 )* S SR VAV, 1)
For the second component we obtain
B (V. DO -B, (7, (D) < jF(v 1)(s)ds j F (7, 1)(s)ds
g HdV(s—n(s» v (S_Tl(s))]ds
ds ds
0
Co 1 [G+y) Cio 1[Gl ) )y e
+£200(1_7)+C1 L) Jﬁ\/(s T,(s)) -V (s - Tl(s))|ds+(—2C Y {Lo(l—;/) ]_£|I(s) I(s)|ds
¢ LTI 1) V(t-Tl(t)) JO)
+2 Co(lgﬂf) IsatJ'e e _g 2D e

1 Co(+7) | —siTmin *ﬁ Cio 1 |Co(l+y) *ﬁ
Ve-mO-Ve-Tno) [zcoa y)+cl\/Lo(1—y)]eﬂ AV +[2co(i—7)+q\/Lo(l—y)]”("')u

L 2/Co+7) |satae“V°§ ;:f;'(’ e ¢ j|v(s HORGRAO MICRIC I
G 2,/Co(1-7)

) e C 1 [Co@t7) ) e C 1 [Co+r)) ( -
o —4Tmin 2 t0 il HTmin 5(\/ v e (I I R A A 1
sere AV (200(1 n'a Lo(l—y)]e AV V) {zco(l NG Loa—y)]”( )

L 2G| (Yoo Tmin g t
o@+7) T we 2,/Co(1-k) (p(v,\j)e—mmin +p(1, [))e_
2,/00(1 7 C #

| osTmin L 1 Cio 11CQA+y) Nyl 2 | iTmin i v
= le” +ﬂ[200(1—y)+C1 L7 e J(e/ +1)]max{p(\/,V),p(l,l)}.

It follows

p(BI (V1 |),B| (\7! I_))S Klp((v! I)’(\Tv I_))!

where

K, = g HTmin

e‘*‘Tmin+1[ Cio +i\/CO(1+;/)+\/1+7/ Isataezj<1
H 2C,1-y7) GV L(@A-7y) \/1—7C1

and then

pl(By (V. 1).By (v, ). (By (V. 1).B, (V. 1)) < Kp((v, 1),(V, 1)),

where K:maX{KV,K,}.

Therefore the operator B is contractive one and has a unique fixed point which is a solution of (9).
Theorem 1 is thus proved.

IV. Discussion
Here we consider the particular case of space-time depending specific parameters in the form: L =const,

C(x,t) = Cy L+ ycos(apt — X)), Ci(X,t) =Cy(—an ysin(apt—Fx)) ™ We have obtained the following

relation for the specific parameter % - (1/ LC(x,t) )% =0.Then
X

dt dx dx 1
——— — == .
1 —1fic(xt) — dt o JLCo{L+y cos(apt — /X))
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The last equation has a unique solution.
We take a nonlinear conductive elementwith exponential V-I characteristic f (u) = I (e"‘“ —1)with an interval of
negative differential resistance. Let us take V, ~ I, ~ E, 1072, » = 0,01, T—y ~1,A=1m,
-7

L=0,24H/m, Cy =5pF/m, Ry =350, C, =10 °F ; & = q/(;7KT ) = 37 .Then

JICy =1/0210°)5.10%2)=10°;  JL/C, =4/(0210° )ff.102) =1/0,04.10° =200;T =10°%;
Tomin = AJLCo(L—7) <T (1) = A{LC(X,1) < A{LCo(L+7) =Tray:

(0,99) x107° < T(t) = A{/LC(x,t) < (1,01) x107° .
Let us take 1 =10°. Then 4T ,;, =10° x0,99x107° =0,99 =e*Tmin 0% — 209 137

4T =(10°)x(108)=10; e = e2® = 22026; C,(x,t) =—Coyapsin(et — ) = Cyo < Coyemy .
Further on the inequalities from Theorem 1 become

~HTmin ol
MVO<2; Lo(l+7)/ /;mo +e HTmin <1-
Col+7)

2,Co(1-7)

4T g #min 11 Cio 1 |Col+y) 4,/Co(1+7) |sataeﬂT )
e + +— + - =L
#2600 GV L cafC,a—y) —alvee #min 11, )

;_Ro‘/[ ;+Roj<1;
V Coll-7) Col+y)

—UTmi 2
<, _e-stmin €1 Cq +i\/CO(1+7/) ALy dgae? |
H 2Co(1-y7) G\ L(A-y) \/1_7C1

Ky = e HTmin

or
37feMmin 4 1fT 518 €
2./Colt=y) ° 445107
04 L4 | 0010, 1 410105 37.22026 <.
0404+ — 20.99 + ot 11 -6 /5 —12 -
10°| 2.099  200.8.10 8.10 4.107°y/5-518.10"'2.22026

20035

1072 <2 < 11,64.10°°.22026<2;10720,003+0,4<1:

=0,28<1;K, :0,4+£

0,0 1078
K, 04 109( log 1 37.10 zj

+ €
2.099 200810 810
_ (06-00625-0,323)10°

Finally we have to find an interval for the constant «, : @y < 5007 ~3.10"°

wp <7,75.10% and @, <7.10" Then

412-48107°
0,0099

Therefore for w, = 10" we obtain K, =0,4+0,099+0,088+48.10° ~0,4+0,099+0,088=0,587 <1.

K, =04 +% (0,0099a>0 +0,088.10° +48.10° )< 1o < 10° ~416.10%.

V. Conclusion
Applying our methods, we have found explicitconditions for the specific parameters in order to obtain
distortionless signal. Moreover, we can obtain an approximated but explicit solution for voltage and current. We
can choose an initial approximationV (t) =V, sin 8(t), I (t) = I, cos(t) .
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