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Abstract:The present paper is devoted to the investigation of lossless transmission lines with varying in time 

and space specific parameters terminated by conductive loads with exponential nonlinearity. Such systems are 

more complicated because the coefficients of the hyperbolic system describing the line depend on time and 

space. We introduce new conditions which guarantee distortionless propagation along the transmission line and 

present a general method for reducing the mixed problem for the hyperbolic system to an initial value problem 

for a neutral system on the boundary. Here we extend our previous methods to investigate the case of variable 

specific parameters and formulate sufficient conditions for the existence-uniqueness of a solution by fixed point 

method. 
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I. Introduction 
Hereweconsider non-uniform lossless transmission lines terminated by nonlinear conductive element 

with exponential type characteristic. Such a configuration has been studied in previous papers, but in the case of 

uniform transmission lines
1-13

. The main difficulty is caused by the varying in space and time specific 

parameters. That is why, the primary purpose of the present paper is to extend the author’s method
10

 for analysis 

oftransmission lines to transmission lines with varying per-unit-length specific parameters, that is,

),(),,( txLLtxCC  .Let us note that the particular case const),,(  LtxCC is applied to parametric 

amplification of traveling waves
14-17

. We obtain this case as a consequence of our theory. 

Referring to Figure no 1, a non-uniform transmission line is shown terminated by a nonlinear 

conductive load with characteristic of exponentialtype  1)(  u
sat eIufi  and parallel connected 

shuntcapacitance 1C , where )(tE is the source function, 0R −the source resistance, and − the length of the line. 

The positiveconstants ,satI are explained inthe numerical example. 

 
Figure. 1 Non-uniform lossless transmission line terminated by nonlinear conductive element 

 

We consider a non-uniform lossless transmission line described by the system 
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txutxC
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Extending results
14-17

we introduce conditions  

(LC): ;10,1),()),,(1(),( 0   txctxcCtxC .10,1),()),,(1(),( 0   txltxlLtxL  

Then obviously ;)1(),()1(0 00   CtxCC )1(),()1(0 00   LtxLL . Besides we assume that

,),(,),( 00 xxtt CtxCCtxC  00 ),(,),( xxtt LtxLLtxL  , where tLLtCC tt  /;/ . Then the 

system (1) becomes 
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We formulate a mixed problem for system (2): to find unknown voltage ),( txu and current ),( txi satisfying (2) 

for         ],0,0,:,),( 2 TtxRtxtx  , with boundary conditions (derived from Figure no 1 on the 

base of Kirchhoff’s law) 

0),,0(),0()( 0  ttiRtutE ;   0,1),(
),( ),(

1 
  teIti

dt

tdu
С tu

sat
    

and initial conditions  

],0[)()0,(),()0,( 00  xxixixuxu ,     

where )(),( 00 xixu  are prescribed functions. 

 

II. Methods 
In this paper at first we use the method of reducing the mixed problem for a hyperbolic system to an 

initial value problem for neutral system on the boundary. The problem of existing of thesolution of the obtained 

neutral system we present as a fixed point problem for a suitable operator. By the fixed point method we 

establish existence-uniqueness of a solution. 

 

III. Results 
3.1. Transformation of the hyperbolic system in a diagonal form. Conditions for distortionless 

propagation. 
The system (2)can be rewritten in matrix form 
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To transform A  in a diagonal form we solve the equation: 0
),(/1

),(/1










txL

txC
 whose roots are 

),(),(/1),(,),(),(/1),( 21 txCtxLtxtxCtxLtx   . Eigen-vectors are    ,),(,),(, )1(
2
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
















),(),(

),(),(
),(

txLtxC

txLtxC
txH . Its inverse one is

   
    












 


),(2/1),(2/1

),(2/1),(2/1
),(1

txLtxL

txCtxC
txH and 

.
),(),(/10

0),(),(/1
diag1 A

txCtxL

txCtxL
HAH 
















  

Introduce a new variable 









),(

),(

txI

txV
Z , where HUZ  and ZHU 1 Uor  

),(),(),(),(),(

),(),(),(),(),(

txitxLtxutxCtxI

txitxLtxutxCtxV





  

 

  .),(2/),(),(),(

),(2/),(),(),(

txLtxItxVtxi

txCtxItxVtxu





 

Substituting ZHU 1  in (3) we obtain  
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After multiplication from the left by H we obtain 
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In view of the denotation LCv /1  we have 
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and therefore 

















 

CCLLCCLL

CCLLCCLL

t

H
H

tttt

tttt

////

////

4

11

, 















 

)/()/()/()/(

)/()/()/()/(

4

1

LLCCLLCC

LLCCLLCCv

x

H
HA

xxxx

xxxx
, 















)/()/()/()/(

)/()/()/()/(

2

11
1

LLCCLLCC

LLCCLLCC
HHA

tttt

tttt
. 

Then 






















 


)/()/()/()/()/()/()/()/(

)/()/()/()/()/()/()/()/(

4

11
1

11

CvCLvLCCLLCvCLvLCCLL

CvCLvLCCLLCvCLvLCCLL
HHA

x

H
HA

t

H
H

xxttxxtt

xxttxxtt
. 

We rewrite (4) in explicit form: 
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То simplify (5) we introduce conditions and call them DistortionlessConditions(DC): 
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The transformation formulas are 
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3.2. Formulation of the mixed problem and solutions of equations for the characteristics of the hyperbolic 

system 
Now we are able to formulate the mixed problem with respect to the new variables. To find a solution of the 
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Prior to reduce the above mixed problem to an initial value problem on the boundary
12

weconsiderthe Cauchy 

problems for the characteristics of the hyperbolic system (8), namely 
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Consequently B is contractive operator for sufficiently large 0 . The fixed point of B is a unique solution of 

the above Cauchy problem.For the second equation we proceed in a similar way defining the operator 
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Lemma 1 is thus proved. 

Further on the solution of the first equation we denote by )(sxV , while of the second one − by )(sxI . 

 

3.3. Reducing the mixed problem to an initial value problem on the boundary  

Denote the delays by ,)),(()),(()(1 ttxCttxLtT VV .)),(()),(()(2 ttxCttxLtT II  

For their derivatives we obtain and assume 

1
)),(()),((2

)),(()),(()),(()),(()),(()),(()),(()),((
)(1 




ttxCttxL

ttxCttxLxttxCttxLttxCttxLttxCxttxL
tT

VV

VtVVVxVVVtVVVx


, 

1
)),(()),((2

)),(()),(()),(()),(()),(()),(()),(()),((
)(2 




ttxCttxL

ttxCttxLxttxCttxLttxCttxLttxCxttxL
tT

II

ItIIIxIIItIIIx
 . 



Non-Uniform Lossless Transmission Lines Terminated By Element With Exponential Nonlinearity 

DOI: 10.9790/2834-1305013241                                    www.iosrjournals.org                                          36 | Page 

Then integrating the equations (6) along the characteristics from the point ))(,0( 1 tTt  on the left boundary to 

the point ),( t on the right boundary we obtain 
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The system obtained consists of differential and functional equations with time dependent delays and it is a 

particular case of neutral type ones
11

. In order to define the correct initial value problem we have to prescribe the 

initial interval and an initial function with its derivative.  
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where      ],0[:)(min,],0[:)(min,;min 221121min TttTtTTttTtTTTT  and ]0,[(.),(.) min00 TCIV  . 
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Let us note that the initial functions )(),( 00 tItV  can be obtained translating the initial functions )(),( 00 xixu

along the characteristics of thehyperbolic system
11
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Introduce the sets 
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Conditions (IN)ensure the continuity of ))(,( tIVBV  and ))(,( tIVBI :  
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Then there exists a unique continuous solution of (9), belonging to IV MM  . 
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It remains to show that the operator B is contractive one. Indeed, for the first component in view of the estimate 
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where  IV KKK ,max . 

Therefore the operator B is contractive one and has a unique fixed point which is a solution of (9). 

Theorem 1 is thus proved. 

 

IV. Discussion 
Here we consider the particular case of space-time depending specific parameters in the form: constL , 

 )cos(1),( 00 xtCtxC   ,  )sin(),( 000 xtCtxCt   11-13
.We have obtained the following 
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The last equation has a unique solution. 

We take a nonlinear conductive elementwith exponential V-I characteristic  1)(  u
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Finally we have to find an interval for the constant 0 :
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V. Conclusion 
Applying our methods, we have found explicitconditions for the specific parameters in order to obtain 

distortionless signal. Moreover, we can obtain an approximated but explicit solution for voltage and current. We 

can choose an initial approximation )(cos)(),(sin)( 00 tItItVtV   . 
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